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wergence and Stability Analysis of Runge-Kutta type Methods for

lterra Integral Equations of the Second Kind *)

J. van der Houwen

STRACT

Runge-Kutta type methods for Volterra integral equations of the second
id are studied which contain additional terms in order to extend the sta-
ity region. The order of convergence is derived and for kernel functions
the form K(x,y,f) = [A+Bx+Cyl]f the stability behaviour of the methods is
isidered by deriving the characteristic equation of the difference equa-
m satisfied by the numerical solution. For a number of Runge-Kutta methods
bility regions are given and the stabiliziﬁg effect of the additional

ms is illustrated.
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INTRODUCTION

In this note we analyse the order of convergence and the stability of

class of numerical solution methods for the second kind Volterra integral

uation
X

.1) f(x) = g(x) + J K(x,y,f(y))dy, xO <y < x £X.
*0

The numerical schemes to be considered are Runge-Kutta type methods.

order to define these methods we write (1.1) in the form

X
n b'4
.17) f(x) = [g(x) + J K(x,;y,f(y))dy] +ff K(x,v,£(y))dy = Fn(x)+ @n(x)
*0 *n
d we define the numerical approximation fn+1 to f(xn+1) by

~ ~

-2) fn+1 - Fn(xn+1) + <I>n(xn+1

),

ere ;n(x) and En(x) are numerical approximations to Fn(x) and @n(x),

spectively. Here we assume the "history term" En(x) (c£. [3]1) in the form

o n-1 m (L) (£)

.3) Fn(x) = g(x) + h'=21 ZZO wnj K(x,-xj+\)m£h,fj+1

[\
-

), N

" - n Py . '
1 the "Runge-Kutta part @n(xn+1) in the form

m

.4) o ( ) =h } ApgK (X 46 sh, x +v_,h,£

% (£)
n n+l 2=0

n+1)'

(3)

: fn+1

are intermediate values defined by




(3)

fo = Ol j = O,l,...,m—l,
5)
f(m) = f (]) - F (X +1.h) + h If AL K( +e h, (£2)
J=0,1,...,m; M = Vo = 1r v = 0.

(m)
2 = . - . . 0. .
that f +1 fn+1 The Runge-Kutta parameters uj, AJK’ 5L and vjz are

armined by accuracy conditions (cf. [2,3,4]). The Runge-Kutta scheme

)

2)-(1.5) is called an extended formula if w n3 = Amﬂ for all n and j, an

£)_

ixed formula if Wnj 0 for £ = 0,1,...,m-1 and for all n and j (cf. [1]

We now modify the Runge-Kutta scheme by replacing F (x) by the new

tory term

~

] * ~ ~
5) Fn(x) = Fn(X) + y(x)[fn - Fn(xn)],

‘e Y(X) is a given function of x. For mixed Runge-Kutta schemes where

£)

weights wnj have repetition factor 1, the case Y(x) = 1 was analyzed
‘he institute reports [4] and was shown to lead to considerably

fer stability regions. Here, we extend this analysis to general Runge-
@ schemes for which the weights wéf) are related to linear multistep
iods for ODE's (cf. section 3). In the derivation of stability regions,
‘'ver, we concentrate on mixed formulas which are in our opinion more

active from a computational point of view.

ONVERGENCE

Before deriving stability criteria for the Runge-Kutta method (1.2)-
) and its modification according to (1.6), we consider the order of con-
ence of the modified scheme. For the convergence proof we need the local

(ﬁ)

cation error of the numerical scheme. Let f , £ =0, 1,...,m, be the
tion of (1.5) if we substitute f(xn) for fn and Fn(x) for Fn(x). Then

efine the truncation error at xn+vm£h by




) _ = (L)
2.1) T (M) = f(x +v oh) - £ .

irthermore, we define the quadrature error at xn by

3 nclomo (g
2. 2) E_(x,h) = J K(x,y,£(y))dy - hjz—lﬂzo LAY K(x,xj+vm£h,f(xj+vm£h)).
X
0

In the convergence theorem, and also in the stability analysis, we

12all need the vectors %h+1,%(xn+1) and %n(h) the components of which are
(2)

N (h) where £ runs through the

, i i )
ispectively given by fn+ ’ f(xn+vm£h) and T
it of integers L defined by

L=1{£]|0<4xm; wif) =0 for Vi,j = £ £ L}.

r these vectors we define the maximum norm I e,
In the following A, u, Yy, 6 and w will denote the maximum values of the

\rameters ijzl, lu.l, lyx)1, |1-y(x)| and Iw.K

(£) .
3 i3 |, respectively.

MMA 2.1. Let en, n=20,1,... satisfy the inequality
le

lere Cl,C2 and M1 are non-negative constants. Then

le_,,| < [1+C(n) I® [c@) eyl + Mn)]
th
Ci+1'1 - ci+1—1
C(n) = C, max <1 M(n) = max [c? Ieol + T Mlﬁ.
1<j<n 1 1<j<n 1

'OOF. By mathematical induction.

[EOREM 2.1. Let the function K(x,y,f) satisfy a Lipschitz type condition
" the form




* *
l[K(x,y.f)—th(xn,y,f)] - [K(x,y,f )-OLK(xn,y,f ) 1| <
< L, [l1-al+lal |x-x_|1]£-£%]
<L a ol lx-x_ - '

‘et En(x,h) satisfy the condition
- < —
IEn(x.lh) En(xn'h) [ S Lzlx xn] IEn(xnrh) ll

! Ll,L2 are constants and o is a parameter. Then, for Y £ 1 and

g(xo) = f(xo) we have as h -~ 0 and nh fixed

e
B maxlT, (n)l
, i o
i<n
1-vy+0 (h) !

I <a maxlEl(x h) | +
i<n

A and B are constants.

From (2.1) it follows that

<3>_ (3) _z(3)
lf f(xn+vmjh)| < !fn+1 +1I + IT (h)l,

rom the definition of f(J) f(J)

' and the Lipschitz condition on K with
n+1 +1

it follows that

m

(3)_2(3) ok _ ) _z (&)

Ey n+1I IF (x +u h) Fn(xn‘““jh”ﬂﬂhzzolfnﬂ el
(1.6) and (2.2) we derive
n-1 m

~% (£) (£)
IF (x)-F_(x) | < YI£ ~£(x ) |+h 2-1 I,golwni HK(x,xi+\)m£h,fi+1)
- y(X)K(x_,x.+v ,h f('e)) - K(x,x,+v_,h,f(x.+v_,h))

Y n’ % Vme i1 A Y e R

+ Y GIRGx %y +vph, £(x +0_ph)) | + IEﬁ(x,h)-Y(x)En(xn,h)l;




using the Lipschitz condition on K with o = y(x) and the Liptschitz

ndition on En it follows

n-1
.6) IFr - 0| < vlel™ |41 oty lxx |1 ] T D168
=-14£=0

+[6+L2 Ix—xnl ] IEn (x_,h) [,

(fi = fifi—f(xi+vm£h). Substitution of (2.6) into

.5) and then (2.5) into (2.4) yields

ere we have written e

. n-1 m
a9 o (Y41, Xh)le(m)l+L Jal8+yun) § ) lw (E)ll (2)
n+1 i=-1 'K__

+[8+L,un]lE (% )|+ |T " () 14z AhZZ (ﬂ I(lf:)ll

get rid of the last term in the right-hand side we again use (2.5) and
.6) to obtain

m
(L) ~(K) m+ 1 (m)
[_lefn” n+1l - (m+1)L1>\h {yl I
nol (1{) @
+L,h[8+ypnl ) Z w7 He Vg 1+I8+T,unlE_(x ,h) |1,
i=-1 £=0

2re h is assumed to be sufficiently small. Substitution into (2.4') yiel

n-1
¥ ¥
le ‘3’1 sade™im, 1§ 1w 1eB lagls o mi+ 2D
i=0 £=0
’411)
Y L1(6+Yuh)h S + Lzuh
A1==L1Ah+1-(m+1)1.1>\h’ A2:=1-(m+1)L1Ah' A3:=1-(m+1)L1Ah
-roducing th tors £ % 4T (h derive f (2.4")
:roducing e vectors nt1’ (xn+1) an n( ) we derive from .
> > ->
7) !Ifn+1-f(xn+1)lloo < Aiﬂfn—f(xn)“w-+ (m+1) WA, Z £, —f(x 1

=0

>
+A3lEn(xn,h)l+"Tn(h)Hw.




estimate (2.3) is now readily derived by applying lemma 2.1 to (2.7)
Yy < 1. [J

j)

From this theorem it follows that only for f(J1 values used in the
ory term the local truncation error T(j) is needed. Furthermore, if the

rature error is O(hq) as h = 0 and the local truncation errors are O(hp)

the order of convergence is min{qg,p} if vy < 1 and min{q,p-1} if Yy =1.

r an order is lost if p < q and Yy *> 1. We observe, however, that in

1ded Runge—Kutta formulas p = g+1 so that the order of convergences is

arved if y = 1.
'ABILITY

Consider the simple test equation

X
f(x) = 1+ f (A+Bx+Cy) £ (y) dy; A,B,C constant.

*0

umerical scheme reduces to (we assume y(xn+ujh) =Yy independent of n)

£3) ~ Pi%2 ~ % £)
+1 ijn-’-(lnyj)Fn(‘xn)'+ h Gnq'zzo'Ajﬂ[zl+ej222+vj223]fn+1’

G =h) ? W Bl (A+Bx_+Cx _)h, z, = Bh®, z, = Ch?
n nj “J+1° 71 n n’7" %2 73 -

j=—1 £=0

is section we derive a recurrence relation for f ' F (x ) and G with
ed number of terms. The corresponding characterlstlc equatlon deter-
the numerical behaviour of these quantities. Recall that f is the

(3)

r of intermediate values f which are used in the hlstory term,

) approximates F (x ) = f(x ) and G approximates f n f(y)dy.
In the first step of our analysis we express f(J) in terms of fn, En(xn)

n’ It is easily verified that we may write

pA
(3)_ - i~ _2. G 1 =0
n+1 = (Qj+YnRj)fn+(1 Yn)Ran(xn)+ o stn, j=0,1,...m,

Qj’ Rj and Sj are functions of Z = (21,22,23) which satisfy the




urrence relations

m
m
4) (1-ypRy = 1=y, + KZO (1=Yp)AypZspRpr 3 = 01senuym,

m
S. = . + A.pZ.pS).
i~ Y Zzo 273878

e that Qj’ Rj and Sj are independent of Yj if Yj is a constant Y.

In order to derive a recurrence relation for Fn(xn) and Gn we exploit

)

. which is satisfied by most quadrature rules

nj
d in practice: we will assume that coefficients a, and béﬂ) (i=0,1,...,}

roperty of the weights w

;1,...,m; n fixed) exist such that (cf. [5])

k k 0 for j = 0,1,...,n-k-1
6) Y a; =0, } aiw£€?+1 LT W .
i=0 i=0 e b,y for j = n-k,...,n

hout loss of generality we may assume that wég)

)

0 for j 2 1, hence

= 0 for n = k+l1.
Two cases will be distinguished IYjI < 1 and Yy = 1. For lyjl <1 we

ive by virtue of (3.6)

7) % F ( ) = E { % b1z, —(1v_ 2z, 16D
B i L B
-1y a i-1G }, 0> k+l .
h %2%i n+1-i’" ®
k k m
8) z aiGn+1—i =h Z z b;ﬂ)féfi_i, n = k+l1
i=0 i=0 £=0

. > z ~,\T . .
introducing the vector Vn = (fn,Fn(xn),Gn) we may write the relations

3), (3.7) and (3.8) in the form




B -z.B 2\ 3
Z1°%07%380 3 3w n+1 T
—hBO 0 aO
-0-TR (T-1)R
* | (23-2))B-z,B, 3y
-hB, 0
0 0
k ~
+ '2 (1z3—zl)Bi—z3B a (i-1)a,—
i=2
-hB, 0
1

. R, §, Bi and Ei are matrices defined by

27 5% e BT RSy g ) R = O
N ¢4 T (£) -
Bi = (bi ), Bi = (vmzbi ), I'= (Yjéjﬂ)

otes the Kronecker symbol and j,£ are the
Y. ,
ng the characteristic polynomials
k-1

a.tg ’ 0(‘:) =
o * i

Bick'l, o (z)
0

p(g) =

Il W
I =

i
ess the characteristic equation of (3.9) i

z) have matrix coefficients)

-
5 zo-TR1 (T-DRC<
z3c(§)+(zl—kz3)0(C)+z3C0'(C) -Q(c)

-h o (g) 0

.

<¥
-+

(Giﬂ) j and £ € L.

1d column index,

form (note that

22~ k-1
Hot

=k)p(g)+zp' (T)]] =

o (T)




iere o' (Z) and p'(Z) are polynomials obtained by differentiation of o (Z)
d p(T).

In (3.10) it is assumed that lyjl < 1. For vy = 1 the En(xn) term
mishes in (3.3), hence we need no recurrence relation for Fn(xn). Proceed-
g in the same manner as above we find for Yj = 1 a characteristic equation
ich can be obtained from (3.10) by omitting the second row and column in
e determinant.

To the characteristic equation (3.10) we associate the stability region
nsisting of the set of points ; = (zl,z2,z3) in the ;Fspace where the

-
ots £ of (3.10) are on the unit disk. The vector Vn-is certainly bounded

n >« and h fixed if the following conditions are satisfied:

>

) Root condition: The roots z(z) of (3.10) are on the unit disk those on
the unit circle being simple roots.

i) Constant-coefficient condition: The coefficients in (3.9) do not

depend on n.

'idently, a necessary condition for satisfying the root condition is that

lies in the stability region.

' the constant-coefficient condition is not satisfied the stability region
ly still be of some value if the coefficients change slowly with n (com-

xe the situation in ODE stability theory).

1 Mixed Runge-Kutta schemes

Mixed Runge-Kutta schemes arise when the set L only contains the in-
ger m. The quantities Q, R, R, S and 0 become scalar functions and the

aracteristic equation (3.10) reduces to (note that g = 0)

11) ck_l{p(c)[p(c)(C-Qm(Z)—YmRm(Z))—zzo(c)sm(g)]
>
+ (=Y IR (2)[-2,0(0)0(D) + 2z, ((=1)p (D) ~Tp" ()0 ()
+ 2 ((k-1)0(D) - £o' (£))p(2) T} = 0

re Ile < 1. For Yo = 1 we obtain the equation

1Y N0 (e-g )R (2))-z,0 (s ()] = 0.




We derive stability regions for a few history terms, characterized
he characteristic polynomials {p,0} listed in table 3.1, and a few
e-Kutta parts defined by the polynomials Qm, Rm and Sm listed in table

For a detailed discussion of the evaluation of the history terms by
ward differentiation quadrature rules (BD rules) we refer to [6]. The
nomials Qm’ Rm and Sm correspond to Runge-Kutta formulas with

= (1,Y,...,Y). Note that by choosing YO = 1 an Fn evaluation is saved

11 formulas listed in table 3.2 (cf. [4], [8]).

Table 3.1 History terms defined by the polynomials {p,c}

ula k p (T) o(z)
1
ated trapezium rule 1 -1 E(C+1)
: 1 2
d order Gregory rule 2 c(g-1) IE‘[5C +8¢-1]
1 2 2 .2
nd order BD rule [6] 2 3 [3c7-4z+1] 3¢
3 2 6 3
d order BD rule [6] 3 %T [11z7-18z"+9¢-2] IT-C
Table 3.2 Runge Kutta parts defined by {Qm,Rm,Sm}
ula Qm Rm Sm
ard
. R
er Zl+22 1 1
ward -1
er 0 [1—21—22—23] RO
ezium
[z, +z.1[2-2,-2 -2 ]_1 2[2-z -z -z ]—1 R
c 1722 1" %27 %3¢ 4TEITE07) 1
th 1 2 1 2 3z-2z3
er —[2z,+z,1[62z+32z"-2z_(1+2z) ] -—={18+18z+3z" -z_(9+2z) ] R,———
. 36 1 72 3 18 3 3 6
tjukov
3,4] z = zl+z2+z3
th order zl+z2+(zl+%z2)z 6+47, 6+27
on-Cotes e -0 —o 6-2 -z -
ormula 6-21=2y=24 6-2,-2,-24 21725723
0)1] 2z ,+2z +z
1 2 73
Z =4




11

1.1. The test kernel K = Af

This kernel implies that z, = zZy = 0 in the characteristic equations
t.11) and (3.11'"), hence the stability region reduces to a stability inter-
11 along the zl—axis. In table 3.3 these intervals are listed for a few
mbinations of the history terms and Runge-Kutta parts specified above and

r a few values of y (we observe that both the root condition and the
mstant coefficient condition are satisfied in all cases of table 3.3).
r y =1 it follows from (3.11') that the stability interval only depends
. the Runge-Kutta part of the method. The stabilizing effect of the

ditional terms is clearly demonstrated by the figures in table 3.3.

Table 3.3 Stability intervals for various values of ¥y

Yy=0 y=5% y=1
p. Trap. Rule - Euler Forward (-1,01 (-1%,01] (-2,0]
egory - Trap. Rule (=»,0] (-»,0] (==,0]
egory - Beltjukov (-1.23,0]  (-1.23,0] (-2.51,0]
cond order BD - Euler Forward (-0.77,01] (-1.31,0] (-2,0]
ird order BD - Beltjukov (-1.23,01 (-1.23,0]. .. (-2.51,0]

1.2. The convolution kernel K = [A+B(x-y) IJf

2
In this case z3 = —22 = -Bh and z1 = Ah. Hence, the constant-coeffi-
ent is satisfied. The root condition is satisfied in all points of the

ability regions given in figure 3.1.

1.3. The test kernel K = (A+Bx)f

For this kernel z, = (A+an)h changes with n so that the constant-
efficient condition is not satisfied. Therefore, the stability regions

ve only a local meaning. However,when Ianl « |A] the stability region
termined by (3.10) may be considered as a first approximation to the true
gion of stability. In figure 3.2 a few of these approximate regions are

ven (further examples, e.g. Simpson-Kutta formulas, may be found in [4]).




2 ‘2
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zy Z9
- 4 -1.23 L3
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2 Alternative analysis of stability

In the case of the convolution test equation (C = -B) it is not

>
1t to derive a recurrence relation only involving the vectors fn.
= 1 this derivation is particularly simple, because by forming tt

mbinations of the relations (3.3) we obtain

>R

S
-12) Loaifiig =

a {[Q.+ R, IE__+
=0 i=0 -+ 3 3

d substituting (3.8) immediately leads to (n = k+2)
k

X la,f . -
+i-
iZo0 i n+i-1

(ai(Q-+R) + z §B.)% 1= [}

-12%) 2Bty

th the characteristic equation (cf. (3.11"'))
.13") det{p(z)[z-0-R] - z2§o(c)} = 0.

For Yj # 1 we form twice a linear combination of the relations
d derive in a similar way as was done in [7] for direct quadrature

e characteristic equation
13 aet{p (@) [p(D) (2-Q-TR) - 2z,50(z)]
+ (1—r)E[-z1p(;)o(c) + 2z, ((k=1)p(2) - zp' (£))o(Z)
+ z5(ko(2) - o(2) - zo'(2)p(2) T} = O.

te that this equation has a strong resemblance with equation (3.11

It should be observed that (3.12'), and therefore the character
uations (3.13') and (3.13), only applies rigourously to the convol
se C = —B(z3 = —zz). In the non-convolution case, the functions Qj
i Sj depend on n which should be taken into account when forming t
1ear combination of the relations (3.3). It can straightforwardly

>wn that (3.13) then assumes the form

L3

ds




k k . . . . . X
det{ } ) a.a M1y [E_Q(n—l—J)_PR(n-l—j)]Czk_l_j_z

) o ~(n)
i=0 =0 t 3 n n-i-j

S po

) + (1—I‘)§(n)[—zl‘pc+zz(2kp-2?;o')0

+ 25(2kpo - Z(po)' + p(0-0))1} = 0,

_ _ (n) (n) =~(n) =(n)
e Mn = (Gjﬂ ijzjz) and Q , R , S

~ T~

R, S at the point X - A comparison of (3.13) and (3.14) reveals

’ denote the matrices

(3.13) can be considered as an approximation to the exact equation

4) if !zzl < < Izll and |23[ < < lzl!.
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